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Abstract 

In polarization optics, an important role play Mueller matrices - 
real four-dimensional matrices which describe the effect of action of 
optical elements on the polarization state of the light, described by 4- 
dimensional Stokes vectors. An important issue is to classify possible 
classes of the Mueller matrices. In particular, of special interest are 
degenerate Mueller matrices with vanishing determinants. 

Earlier, it was developed a special technique of parameterizing arbi- 
trary 4-dimensional matrices with the use of four 4-dimensional vector 
(k,m,l,n). In the paper, a classification of degenerate 4-dimensional 
real matrices of rank 1, 2, 3. is elaborated. To separate possible classes 
of degenerate matrices of ranks 1 and 2, we impose linear restrictions 
on (fc, m, I, n), which are compatible with the group multiplication law. 
All the subsets of matrices obtained by this method, are either sub- 
groups or semigroups. To obtain singular matrices of rank 3, we specify 
16 independent possibilities to get the 4-dimensional matrices with zero 
determinant. 

In polarization optics, an important role play Mueller matrices - real 
four-dimensional matrices which describe the effect of action of optical el- 
ements on the polarization state of the light, described by 4-dimensional 
Stokes vectors [1]. An important issue is to classify possible Mueller ma- 
trices. In particular, of special interest are degenerate Mueller matrices 
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(matrices with vanishing determinant, for which the law of multiplication 
holds, but there is no inverse elements). In [2], [3], it was developed a special 
technique of parameterizing arbitrary 4-dimensional matrices on the base of 
the Dirac matrices. 

In particular, in the spinor basis, an arbitrary 4x4 matrix can be pa- 
rameterized by four 4-dimensional vectors (k, m, I, n) 



ko + k a 


no + n a 




K 


N 


l + Ict 


777-0 + m & 




L 


M 



The matrices G will be real, if the second components of parameters are 
imaginary 

&2 = -hi , 777,2 = _m 2 , 1*2 = ~h , «2 = _n 2 i 

and all remaining components are real. 

The law of multiplication in explicit form is 

k'o = k' k + k'k + n' lo + ril, 
m' ' = m' Q mo + m' m + l' no + 1' n , 
rig = k' Q no + k' n + n' tuq + n' m , 

l'o = i'o ko + 1' k + m'o lo + m' 1 , 

k" = k'o k + k' ko + i k' x k + n 1 + n' Zo + i n ' x 1 , 

m" = m'o m + m' mo + i m' x m + l' Q n + 1' rio + i 1' x n , 

n" = k'o n + k' no + i k' x n + n' m + n' mo + 7 n' x m , 

1" = 1' k + 1' k + i Y x k + m' 1 + m' l + i m' x 1 . (2) 

In this paper, we will study degenerate 4-dimensional matrices of rank 
1, 2, 3. To separate possible classes of degenerate matrices of ranks 1 and 2, 
we impose linear restrictions on (k,m,l,n), which are compatible with the 
multiplication law (2). All the subsets of matrices obtained by this method, 
are either sub-groups or semigroups. To obtain singular matrices of rank 3, 
we just specify 16 independent possibilities to get the 4-dimensional matrices 
with zero determinant. 

First, consider the variants with one independent vector. 



2 



Variant I(k): 

n = A k , no = a ko , 
m = B k , mo = (3 ko , 
l = flk, Iq = t ko ; 

there exist only 7 solutions: 



(3a) 



(if-1) G 



if 




(K-2) 

(If- 3) 
(if -4) 
(if -5) 
(if -6) 



G 



fc + ka 
fc + ka 



G 



G 



G 



if 
Dif 

if ^if 




if ylif 
DK ADK 



G 



ko + ka Ako + Aka 
tko — A~ x ka Atko — ka 



(if - 7) G 



ko + ka ako + ^4fc(? 

-A~ 1 {ko + ka) -A~ x ako~ka 



(36) 



Here there are only 7 types of solutions, among them there is only one sub- 
group (if — 2) , the remaining 6 cases lead to the structure of the semigroup 
(matrices with rank 2). 

Variant I(m) 

n = im, no = a mo , 
k = B m , ko = (3 tuq , 

1 = D m , lo = t mo ; (4a) 
there exist only 7 solutions: 



(M-l) G 




M 
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(M-2) 
(M-3) 
(M-4) 



G 



G 



G 



M 
M 


DM M 

AM 
M 



(M-5) 
(M-6) 



G = 



G 



{AtrriQ — ma) (Amo + Arha) 
(tmQ — A~ x fha) (mo + ma) 

(—aA~Hmo — ma) (amo + Arha) 
(A~ 1 m$ + A~ x ma) (mg + ma) 



ADM AM 
DM M 



(M — 7) G 

All cases, except for (M — 2), describe the semigroups of the rank 2. 
Variant I(n) 

k = A n , ko = a no , 
m = B n , mo = /3 no , 
1 = D n , Iq = t no ; 

there exist only 4 solutions: 



(7V-1) 



(AT -2) 

(TV -3) 
(iV - 4) G 



G = 



G = 





AN N 
A 2 N AN 



G 



ano + Ana no + na 

— aAno — A 2 na —Ano — Ana 
Ano + Ana no + na 
(3 An — A 2 na f3no — Ana 
All four solutions describe the semigroup of the rank 2. 



Variant 1(1): 

k = A 1 , ko = a Iq , 
m = B 1 , mo = /3 Iq , 
n = Dl, no = t /o ; 

there exist only 4 solutions: 



(L-l) 

(L-2) 
(L-3) G 
(L-4) G 



G 



G 





L 

AL A 2 L 
L AL 



al + Ala -aAl - A 2 l 

l + la -Al Q - Ala 

Alo + Ala (3Al -A 2 la 

l + la Pl - Ala 



All four solutions describe the semigroup of rank 2. 

We now consider the cases of two independent vectors. 

Variant II(k, m) 

n = Ak + Bm , n = ak + finriQ , 

1 = Gk + Dm , lo = sko + trriQ ; 
there exist only 5 solutions: 



{KM - I) G 



K 
M 



(KM - 2) 

(KM - 3) 
(KM - 4) 



G 



G 



G 



K 
D(M-K) M 

K BM 
B- X K M 

K A(K-M) 
M 



(KM - 5) G 



K A(K - M) 
C(K -M) M 



(7b) 



All solutions except for the (KM — 1) describe the semigroup of rank 2. 

Variant 11(1, n) 

k = (Al + Bn) , k = (cd + /3n ) , 

m = (D\ + Cn) , mo = (Uq + suq) ; (8a) 



there exist only 2 solutions: 

(LiV - 1) G = 



AL N 
L A- l N 



BN N 
L B- X L 



(LN - 2) G 
The two solutions describe the semigroup of rank 2. 
Variant II(k, n) 

1 = (Ak + Bn) , Z = (a/c + /3n ) , 
m = (Dn + Ck) , ttiq = (triQ + sfcg) : 



solutions: 



(KN - 1) G 



(K7V - 2) G 



K N 

AK AN 

K N 

K 



(8b) 



(9a) 



(96) 



The first solution describes the group, the second - the semigroup of rank 
2. 



Variant II(m, 1) 



n = Am + Bl , Iq = am^ + (31q , 
k = Dl + Cm , /cq = tlo + smo ; 



(10a) 
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there exist only 2 solutions: 



(ML - 1) G 



(ML - 2) 



AL AM 
L M 



M 
L M 



(106) 



The first solution describes the group, the second - the semigroup of rank 
2. 

Now consider the case 3 independent vectors. 
Variant I(k, m, n): 



1 = Ak + Bm + Cn 

there exist only 2 solutions: 



l = ak + /3m + sn ; 



(11a) 



(KMN - 1) G = 



K N 
M 



[KMN - 2) G 



K N 
-K + M + N M 



(lib) 



The first solution describes the group, the second - the semigroup of rank 2. 
There are similar solutions for variant I(k, m, 1): 



(KML — 1), G 



(KML - 2), G 



K 
L 



K 
L M 



-M + K + L 
M 



(11c) 



Variant I(n, 1, k) 

m = An + Bl + Ck , tuq = ano + /31q + sko ; 
there exists only 1 solution: 



(NLK - 1) G = 



K N 

L (K + AN — A~ l L) 



(12a) 



(126) 
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it describes a semigroup of rank 2. 

There is a similar solution for variant I(n, 1, m) 



(NLM - 1) G 



(M + AL-A^N) N 
L M 



(12c) 



it describes a semigroup of rank 2. 

In all cases above, from the semigroups of the rank 2 one can easily to 
obtain semi-groups of the rank 1, for this it suffices to add a requirement 
that the determinant of the basic 2 x 2-matrices be equal to zero. 

Let us consider singular Mueller matrices of the rank 3. Given the ex- 
plicit form of the matrix G, it is easy to understand that there are 16 simple 
ways to get the semigroups of rank 3. It is enough to have vanishing any 
i-line and any j-column in the original 4-dimensional matrix. Compatibility 
of the law of multiplication with this constrain is obvious. 

All 16 possibilities are listed below. 



Variant (00) 



G 



no = -n 3 , 
Variant (01) 

G -- 





2k 

2h 

2l 

ki = 0, k 2 
lo = —/a, 





2rt\ 2n$ 

mo + ms mi — im 2 

mi + im 2 mo — m% 

0, ko = -k 3 , 
+in 2 = ni, —Hi = h 





2ki 

2l 

2h 





2m 



o 

2n 



mo + w-3 mi — im 2 
mi + im 2 mo — ms 



k = 0, 

h = ih, lo = h, 
Variant (02) 



k 3 = 0, 
n 



G 





2ki 

k + h 
h + ih 





2ko 
h - il 2 
h — h 



ki = ik 2 , 
-n 3 , m 





2n 

2mi 

2m 



m 2 
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n\ = 0, n 2 = 0, 
mo = — 777,3, TO i = —irri2, 
Variant (03) 



77 



-n 3 , 



ko = ~ks, ki = ik 2 . 



G 





2ki 2k 

lo + h h — ih 

h + ih h - h 



no = 0, 77 3 = 0, 
m o = 7773, 777i = ini2, ko 
Variant (10) 





2rai 

2tt7 

27771 



77i = lfl2 , 

= -k 3 , ki = ih 



2 • 



G = 



2fei 2t7 2ni 



2Zi 7770 + m 3 mi — im>2 

2Zq 7771 + irri2 nio — 7773 



k = 0, k 3 = 0, ki = —ik 2 , 
lo = ~h, h = -ih, ni = -in 2 , n = n 3 . 
Variant (11) 



^0 — h, 
Variant (12) 





2k 





2n 


2771 






















2/ 





777 + 7773 


777i — Z7772 






2/i 





777i + 27772 


777 - 7773 




k 


1 = 0, 




k 2 = 0, 


k = k 3 , 




h = 


ih, 


77i = " 


-777 2 , no 





G 



2k 2ki 2t7i 



h + ^3 h — ih 2t77i 

h + ih h~h 2t77o 



777 



77 = 0, 
-7773, 7771 



77 3 = 0, 
-7777 2 , 



77i = —7772 

ki = -ik 2 , 



ko = k 



3 • 
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Variant (13) 



G 



2k 2ki 2n 



+ h h - ih 2m 

l\ + Hi Iq — I3 2m\ 



n\ = 0, n 2 = 0, n = n 3 
m o = m 3, m i = im2, ki = —ik2, 
Variant (20) 



G = 



2ki no + ri3 ri\ — in<i 

2/cn n\ + iri2 no — 773 



21q 2m\ 2niQ 



m = - 
Variant (21) 



h = 0, h = 0, h = -h 
7773, mi = ini2, k\ = —ik2, 



G 



mo = -m 3 
Variant (22) 

G 





2fc 





n + n 3 


n\ — in2 




2fci 





n\ + in 2 


n - n 3 


















2/i 





2m\ 


2mo 


lo 


= 0, 




k = o, 


h = ih , 


> 


mi 




im 2 , k\ 


= ik 2 , 



ko + k 3 k\ — 2ri! 

fci + ik2 ko — k$ 2no 



2/i 2/ 2m 



fcn = k 



3 • 



«3 • 



fen = fc? • 



ra 



mi = 0, 7712 = 0, mo = —777-3 j 
-n 3 , rc-i = -m 2 , /1 = U2, lo 



13 • 
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Variant (23) 



G 



fa + ^3 fa — ifa 2uq 

k\ + ik2 fa — fa 2n\ 



2/i 2/ 2mi 



no = 

Variant (30) 



m = 0, 
n 3 , ni 



m 3 = 0, 
in 2 , h 



mi 
■ ih, 



im 2 , 



G = 



2ki 

2k 

2/i 





n + n 3 ni 
n\ + in 2 n 
2mo 




m 2 

"-3 

2mi 




= -fa, 
Variant (31) 



h = 0, / 3 = 0, h = -il 2 
k\ = —ifa, mi = —im 2 , 



to = to 3 



2k 





m + n 3 


n\ — in 2 


2ki 





n\ + in 2 


no — n 3 


2l 





2too 


2toi 














= 0, 




h = o, 


lo = h , 



ko = fa, k\ = ik 2 , mi = —im 2 , too = to 3 . 
Variant (32) 

fa + fa ki — ik 2 2ni 

_ fa + ik 2 fa - fa 2n 

21 u 21 1 2toi ' 



too = 0, to 3 = 0, mi = —im 2 , 

= h, h = -ih, m = -in 2 , n Q = -n 3 . (14c) 
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Variant (33) 



G 



ko + ks k\ — ik2 2reo 

k\ + ik2 ko — k^ 2n\ 

2l 2/i 2m 





mi = 0, rri2 = 0, niQ = 771,3 > 
^0 = ^3, h = -ih, ni = in 2 , n = n 3 
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